Abstract. The diameter of orbits of a compact isometry group G of a Riemannian manifold M cannot be uniformly small. If the sectional curvature of M is bounded above by b2 (¿> real or pure imaginary), then explicit bounds are found for D(M), where D(M) is defined to be the largest number such that: If every orbit G has diameter less than D (Af), then G acts trivially on M. These bounds depend only on b and the injectivity radius of M.
Introduction. On a manifold A/ with metric d, consider a compact Lie transformation group G. For y E M, let diam G(y) = snp{d(y, g(y))\g E G) and DC(M) = sup{diam G(y)\y E M). A classical theorem of Newman states:
"There exists a constant D (M) > 0, depending only on M and d, such that, if DG(M) < D (M), then G acts trivially on Af." In other words, the orbits of any nontrivial action cannot be uniformly small with respect to the metric d.
If (M, d ) is a Riemannian manifold and G is restricted to nontrivial compact subgroups of the isometry group of M, it is natural to ask whether D(M) is computable in terms of the Riemannian invariants of AÍ. This question has been considered by Mann-Sicks [MS] and Ku [K] . They were able to bound D (M) from below, provided the action of G was restricted in some manner, or provided M was compact. The main result of this paper can be stated as follows: If the sectional curvature of M is bounded by b2, then there exist explicit bounds for D (M) in terms of b2 and the injectivity radius of M. (Here b may be positive or purely imaginary.) These results are contained in Theorems 2, 3 and 4, and a table at the end of the paper.
We will assume throughout that all our group actions are effective. §2 develops several notions of convexity, and proves estimates used in later sections. §3 deals with fixed point free actions. §4 is concerned with orbits near a fixed point on a manifold with bounded curvature. The idea is to compare the orbits of such an action with the orbits of a constructed action on a space form of constant curvature. These new orbits have smaller diameter than the original orbits, and these diameters are computable. This is done in Propositions 3 and 4. §5 investigates involutive isometries on complete manifolds.
The author wishes to thank Larry Mann for suggesting this problem to him and for several useful conversations. He also wishes to thank the reviewer for suggesting a simplification of the proof of Theorem 4 and pointing out an oversight in the proof of Lemma 4. [ 7 (x), b pure imaginary, 7 = sup{7(x)|x G M). Similarly 7, r, r. Given two points x and y in A/, a geodesic segment y whose length is the distance between x and y will be called a join from x toy. We will say "y joins x to y". For any two points in a complete manifold there is a join. A subset S is called convex if there exists a join between any two points and any join between two points in 5 lies in S. S is said to be simple if there exists a unique join in S between any pair of points in S.
For each x E M, if d(x,y) < R(x) then there exists a unique join from x to y; this is an immediate consequence of the definition of R(x). By a classical theorem of Whitehead, each x E M has a neighborhood which is convex and simple, so (unique) joins exist between points sufficiently close to x. Neither of the above results requires completeness. In what follows we will often need to assert the existence of a join between a pair of points. In each case the existence will follow from the assumptions made. If completeness were assumed then between any two points of M there would exist a join.
However we choose not to make this general assumption and to have our local results applicable to noncomplete manifolds.
Definition. A pair of points x, y in M is said to satisfy (SLQ if for p = d(x,y), (i) Sp(x) is a regular hypersurface neary, and (ii) if y(/) is a geodesic tangent to Sp(x) at v = y(0), the function <f>(f) = d(x, y(t)) has a strict local minimum at t = 0.
Definition. The ball Bp(x) is strongly locally convex if p < 7? (x) and: for every 0 < p < p and v E ^(x), the pair x, y satisfies (SLC).
Remark. The condition p < p < R (x) implies that Sp(x) is an embedded hypersurface. The condition (SLC) implies that the second fundamental form B of S?(x) is positive definite, when defined with respect to the unit outward normal. In other words, 5p(x) is a strictly convex hypersurface. For a more detailed account of the above discussion as well as a proof of Lemma 1, see [BC, ].
Mann and Sicks have introduced the following Definition. A simple convex set S is very strongly convex provided (1) V x, v, z E S, if y(t) joins x to v, then the function <b(t) = d(z, y(t)) has no interior maxima. Proposition 1. Let S be a simple convex set. Suppose that, for every pair of points in S, condition (SLC) is satisfied. Then S is very strongly convex.
Proof. All that needs to be shown is that, under the above hypotheses, S satisfies condition (1). Since S is simple and convex, there exists a unique join between any two points p, q E S. Let y be the join ofp to q, parametrized so that y(-1) = p, y(+1) = q. For any y^n), |/0| ^ 1, let 8 be the join of z to
small, by (SLQ.
(ii) If 8 is not orthogonal to y at t0, then d(z, y(t)) > d(z, y(tn)) for one sign of t -tn, \t -tn\ small.
Hence d(z, y(t)) has no interior maximum on [-1, + 1]. This implies (1).
Corollary 1. Suppose K < b2 on M.
If b2>0 and for all y G Br{x)(x), R (y) > 2r(x), then Br(x)(x) is very strongly convex. In particular, ifR(y) > it-b~x for ally E Br,x)(x), Br,x)(x) is very strongly convex.
Ifb2<0 and X satisfies 2X < R(y) for ally E Bx(x), then Bx(x) is very strongly convex.
Proof. Under the curvature assumptions, K < b2, a geodesic of length < 77/2 'b~x, emanating from a point x E M, must have positive definite index form (no length restriction when b2 < 0). This being so, we may use the following lemma of [GKM, p. 160 
Lemma. Let Bx(x) be a normal geodesic ball, centered at x E M, which satisfies: V y G Bx(x), 2X < R(y). Suppose that the index form I is positive definite on all geodesies emanating from x whose length is X or less. Then Bx(x) is convex and simple.
The corollary now follows directly from Proposition 1. It is possible to show very strong convexity of normal balls without the additional assumption of Corollary 1. The size of these balls is necessarily somewhat smaller. Theorem 1. Suppose K < b2 on M. Then Br,x)/2(x) is very strongly convex.
If X < r(x)/2 the convexity of Bx(x) is well known (see [BC, p. 247] ). By Lemma 1, Bx(x) is strongly locally convex. Proposition 1 will allow us to conclude that Br,x)/2(x) is very strongly convex once we can show that Brixy2(x) is simple. Toward that end, we observe that a pair of points, /•(*) = x, v E 27,w/2(x), cannot be conjugate along any join in Br(x)/2(x): If b2 < 0, Af is free of conjugate points. If b2 > 0, conjugate points along any geodesic in Af must occur at distances of at least 77/2 • b~x, and any join in 2Lw/2(x) must have length less than r(x) which is in turn less than tt/2 -b~x. The simplicity of Br(x)/2(x) now follows from:
Lemma 2. Suppose Bx(x) is an embedded, convex, strongly locally convex ball such that no points of Bx(x) are conjugate along any join between them. Then Bx(x) is simple.
Proof. Let T= [y E Bx(x)\y has a cut point in Bx(x)} and suppose T*0.
Claim. T is a compact set.
Let TXM be the unit tangent bundle for M. For (p, 9) E TXM, let f(p, 9) be the distance from/? to the first cut point of p, measured along the geodesic emanating from p with initial direction 9. If M is complete, f is well defined and /: r'A/-»Ru {oo} is continuous [Ko, p. 117] . It follows that F: TXM -» M U {oo}, given by F(p, 9) = exp, f(p, 9) • 9 is continuous. If F is the restriction of F to tr~xBx(x), then trF~x(Bx(x)) = T, proving the claim. If M is not complete we may define/(p, 9) on <*D = {(p, 9) E TxM\c9(t) = exppt9 is defined on some interval 2 which is either equal to R+, or contains the first cut point of p along ce(t)}. The function F is continuous on Q and since Bx(x) is an embedded and convex ball, the restrictions F of F to that part of fy over Bx(x) will contain Bx(x) in its image, so the same proof works.
A more concrete proof, in either case, is outlined as follows: Let pn be a convergent sequence in T, converging to q. For each n, there exist two distinct geodesies y" and yn which join p to p". By appropriate compactness considerations, we may assume that y" converges to a geodesic y, and y" converges to a y, and both y and y joinp to q. If y =£ y, then q E T. If y = y then q must be a conjugate point of p along y and q again must be a cut point of p along y.
Since Bx(x) is embedded, a = d(x, T) > 0. Since T is compact, there exists a y E Twith a = d(x,y). Among all j7 E T with d(x,y) = o, let v be a point such that the distance from-v to its cut locus (i.e., R(y)) is a minimum. Since [y E T\d(y, x) = a) is also compact, the existence of such a v is insured. Let z be a cut point of y at minimum distance ß = d(y, z) from v. Then the hypersphere Sß(y) has a nontransversal self-intersection at z and it follows that there is a geodesic loop, y, through v whose midpoint is z. Since Bx(x) is strongly locally convex, no interior point of y can be a point of maximum distance from x. Therefore y must be the point of maximum distance from x on y:
But since y G Bn(x) is a eut point of z, z G 7, so d(x, T) < d(z, x), a contradiction.
3. Fixed point free actions. The following result is proved in [MS] : If G is a compact Lie group of isometries of M which acts without fixed points, then no very strongly convex set may contain an orbit of G.
By using the results of the previous section (in particular Theorem 1), we may immediately conclude Theorem 2. Let G and M be as above with K < b2 on M and G acting without fixed points. Then (3) Let b2 < 0. If for some X < R(x), R(y) > 2X for ally E Bx(x), then diam G(x) > X.
If G is cyclic, we may prove a stronger result. The theorem follows from an analogue of the above-mentioned result of Mann-Sicks: Proposition 2. Let G be a finite cyclic group of isometries. Then any closed, convex, strongly locally convex ball, which contains no fixed points of G contains no orbit of G.
If p < r(x)/2, Lemma 1 implies that Bp(x) is a closed, strongly locally convex ball. Applying Proposition 2, we may assert that G(x) c¿ Bp(x). This implies diam G(x) > p, proving the theorem.
Proof (of Proposition 2). By contradiction. Let g be a periodic isometry generating G. Choose p E Bp(x) such that d(p,g(p)) = inf{¿(y,g(y))|(7(y) C Bp(x)}.
Such ap exists by compactness of Bp(x). Also d(p, g(p)) > 0 since G has no fixed points in Bp(x). Let y join p to g(p). The convexity of Bp(x) implies that y, gy, g^,... all lie in Bp(x); gky joins gk~\p) to gk(p). We show the closed geodesic loop U gky is actually a smooth closed geodesic. Let « G y.
Since G(u) c Ug*y C Bp(x), d (u,g(u) ) > d (p,g(p) ). On the other hand, License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use d(p, g(p)) = dip, u) + diu, gip)) = digip), giu)) + diu, gip)). The right-hand side is the length of the broken geodesic segment y U gy from u to giu). Consequently diu, gip)) + digip), g(u)) > d (u, g(u) ). Since we have already established the reverse inequality, we have d (u, g(u) g(u) ). Therefore y U gy measures length from u to g (u) . From this one concludes that y U gy is smooth; if it were not, it could not measure length. The fact that G = (g) consists of isometries implies that Ug*7 is a smooth (closed) geodesic. Let p be a point on U gky at maximum distance, d, from x. It is now clear that strong local convexity is violated, since U g*y C Bp(x), and Ug*y is tangent to Sd(x) at p. This concludes the proof of Proposition 2(2).
Under certain additional hypotheses on Af, one may bound R from below. For example, if either 0 < K < b2, and Af is compact, and even dimensional, or b2/4 < K < b2 and M is simply connected, then R> <n-b~x [GKM, p. 227], Consequently, r(x) = ît/2 • b~x, and we have Corollary 2. Suppose either 0 < K < b2 and M is compact, even dimensional, or b2/4 < K < b2 and M is simply connected. Then if G is a compact Lie group of isometries acting without fixed points, every orbit has diameter at least it /2-b~l. Remarks. If K < 0 on Af, one may use the well-known fact that expx stretches distance to estimate orbit size in M by comparison with the orbit size of the induced action of G on TXM. This induced action is orthogonal and the orbit size is easy to estimate. The next proposition will allow us to use this idea of proof in case curvature is bounded above by a positive constant. Proposition 3. Suppose K < b2 on a normal coordinate ball S of radius p, centered atxEM.
Further, assume that p = X-b~x where X < tr/2. Let S be a normal coordinate ball of radius p, centered at a point y in the space form M of constant curvature b2. After an isometric identification of TXM with
OThe author wishes to thank the reviewer for suggesting this method of proof.
TyM,e== expx ° exp"1: S-+S is a diffeomorphism.
Then e: S -> S stretches the length of curves, i.e., if y is a curve in S, and f(y) is the length of y in S, f(y) < l(e(y)).
Furthermore if S is a convex set, e stretches distance, i.e., if d (resp. d) is the distance funciton on M (resp. M), d(x,y) < d(e(x), e(y)).
Proof. Since K < b2, no radial geodesic in S (resp. S) has a conjugate point with respect to x (resp. y). By the Rauch comparison theorem [see, e.g., [BC, p. 251] ], e stretches the length of those tangent vectors on S which are orthogonal to radial geodesies emanating from y. It preserves the length of radial tangent vectors. Therefore e must stretch the length of curves. If S is convex, there is a join y between any pair of points x,y in S. Hence d(x,y) = l(y)>l(e-x(y))
>d(e-x(x),e-x(y)).
Proof (of Theorem 4). Let x E M be a fixed point of G. Choose a point Jc in M, the space-form of constant curvature b2. As in Proposition 3, let exp\f be the exponential map at x, and identify Mx with M¡ via a linear isometry. We may then consider Gm = { g¡: Mx -+ Mx\g E G), the representation of G on Mx via differentials at x, as a group of isometries of Mx. Consider F*b->(x) C M. Let G denote G acting as a group of isometries of Bvb-i(x) as follows: if g G (7 and y G Bnb-,(x), let gy -éxp^ ° g, ° éxpj'y.
It is easy to check that G is in fact a group of isometries (i.e. orthogonal transformations) of Bvb-t(x) which fixes x. Therefore, G leaves the hyperspheres Sp(x) = (y G M\d(x,y) = p), p < mb~x, invariant. Moreover G\Sp(x) acts on Sp(x) as a group of orthogonal motions. We claim that there exists ay G Sp(x) such that diam G(y) > V3 A"'sin bp: First of all, Sp(x) is isometric to a sphere of radius b~x • sin bp. Second, we might as well assume that G is cyclic of prime order, p. (G contains such a subgroup and the orbit of a subgroup has diameter at most the diameter of the orbit of G.) If p -2, then it is clear that Sp(x) contains a pointy with diam G(y) = 2b~x • sin bp. Supposep > 2. There must exist a great circle C c Sp(x) upon which G acts by rotation through an angle 2tt/p. Let y G C. To estimate the diameter of dr(y) we need only know the Euclidean distance between two points on a circle of radius b~x sin bp, with an angular separation of (p -l)/pm,p > 2. This distance is an increasing function of p and so is minimized whenp = 3. Whenp ■ 3, this distance is equal to V3 b~' • sin bp. This proves the claim.
The theorem now follows from Proposition 3: Suppose Bp(x) satisfies the hypotheses of the theorem. In particular p < it/2 • b~x. Let y G Sp(x). Then Proposition 3 implies that d(y, gy) < d(ey, egy), where e -exp^ ° éxpj1.
But eg = expx ° g" ° expj1 = g ° expx ° éxpj' = g « e. Therefore d(y, gy) < d(ey, gey), which implies that diam G(y) < diam G(ey).
5. Group actions which contain an involution. Here we assume that M is complete. Proof. By completeness of M, there always exists a join between any two points in Af. Moreover, every geodesic is infinitely extendible. Let g E G with g 7e 1, g2 = 1. Suppose îox p E M there exists more than one join fromp to g(p). Then clearly diam G(p) > R(p).
Suppose there exists exactly one join fromp to g(p). lip = g(p) then there must be at least one geodesic with y(0) = p such that gy(f) = y(-t) for all /. Otherwise g would be the identity map. In this case let x = p. If p ^ g(p) let y be the unique join fromp to g(p). Since gy joins g(p) top, it must be that gy = -y. Consequently the midpoint x of y is fixed. Parametrize y so that y(0) = x and extend y for all time. Thus, whether or not p itself is a fixed point we have a fixed point x of g satisfying d(x,p) = \d (p, g(p) ) and an infinite geodesic y satisfying y(0) = x and gy = -y. Either y is a join from y(t) to y(-0 for all /, or there exists a least t0 for which t > t0 implies y does not join y(t) to y(-r). In the former case (2) is satisfied, in the latter case (3) is satisfied. 
X
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Remark. If M is a Riemannian manifold with bounded curvature, all possibilities are covered in this table. If G acts without fixed points then (1) applies. If not then it contains a cyclic subgroup of finite order which may or may not act with fixed points. We may use (2) or (4) respectively.
If Af is complete with bounded curvature, we can do a bit more. If G acts without fixed points, then (1) applies again. If G itself is finite and of prime order and acts with fixed points, then (4) applies. Otherwise G contains an involution which may, or may not, have fixed points. We may use (3) or (5), respectively.
